This paper is concerned with the time delayed active control of a three-degrees-offreedom supersonic lifting surface in the vicinity of the flutter boundary. Particular attention is given to the study of bifurcation and stability in the vicinity of critical flight speed at which Hopf bifurcation occurs. The critical flight speed is defined in terms of the eigenvalues of the linearized system. Hopf bifurcation is associated with one pair of purely imaginary eigenvalues. Linear analysis is used to consider the stability of equilibrium solutions and the onset of bifurcations. Center manifold theory and normal form reduction technique are used to investigate the stability in the post-flutter regime. The effects of the time-delayed linear/nonlinear feedback controls on the aeroelastic response are investigated. Numerical simulations are carried out to verify the analytical predictions. 
I. Introduction
T he study of the flutter instability of flight vehicle constitutes an essential prerequisite in their design process. The flutter instability can jeopardize aircraft performance and dramatically affect its survivability. Moreover, the tendency of increasing structural flexibility and maximum operating speed increases the likelihood of the flutter occurrence within the aircraft operational envelope. A nonlinear model of a wing section of the high speed aircraft incorporating active control has been proposed in Ref. 1 and further studied recently using linear and nonlinear feedback control 2, 3, 4 . Particularly, in Ref. 2 the effect of the time delayed proportional feedback control on flutter instability boundary and its character (benign/catastrophic) was discussed. Bifurcations into limit cycles (Hopf bifurcation) were investigated with respect to system parameters as well as the time delay. The stability analysis was mainly based on center manifold reduction and normal form theory. Numerical simulations were employed to verify the analytical predictions. It was shown that introducing a linear feedback control is always beneficial in controlling both the initiation of Hopf bifurcation and the stability of motions, regardless whether the time delay is present or not. Introducing a time delay into the feedback control could have a profound effect on the stability of the bifurcating motions.
It was suggested that both linear and nonlinear controls with small time delay should be applied in order to obtain the best control design 2 . Later on, in Ref. 3 , a more realistic model with both flapping and pitching feedback controls was studied. It was shown that when plunging displacement control is applied, the effect of time delay is much more complex. It may delay or advance the initiation of Hopf bifurcation, and in that case, a small time delay can stabilize bifurcation motions, while a large time delay may destabilize the bifurcation solution. It was suggested that small time delay should be used when plunging displacement control persists 3 . Furthermore, the "jumping" phenomenon found in Ref. 2 was investigated more carefully 4 . It was shown 4 that the "jumping" is actually caused by the existence of multiple families of limit cycles bifurcating from a same set of parameter values with multiple frequencies.
In the past two decades, there has been rapidly growing interest in bifurcation control 5, 6 . Nonlinear systems involving time-delay feedback control have been studied by many authors 7 . This paper is concerned with the aeroelastic behavior in the vicinity of the flutter boundary of a 2-D flapped supersonic lifting surface with time delayed linear and nonlinear feedbacks. The particular attention is given to the study of bifurcation and stability in the vicinity of critical points at which Hopf bifurcation occurs. Linearized system is used to determine the critical conditions of Hopf bifurcation, central manifold reduction and normal form theory 8, 9, 10, 11 are employed to determine the stability of the Hopf bifurcation. Numerical simulations are used to show the effect of variation of parameters, especially the effect of time-delay. In this paper a three degree-of-freedom aeroelastic system is considered and the effect of the time-delay feedback control is illustrated. The rest of the paper is organized as follows. In the next section, the aeroelastic model is proposed. In section III, a linearized system is analyzed to find the critical point at which a Hopf bifurcation may occur, while Section IV is devoted to derive a 2-D center manifold from the airfoil governing equation for Hopf bifurcation. Numerical simulation results are presented in Section V. Finally conclusion is drawn in Section VI. Figure 1 . Geometry of the cross-section of a 2-D supersonic flapped wing.
II. Aeroelastic Model
In this paper, we shall extend the methodology presented in Ref.
2 to study a model featuring plungingpitching-flapping motion. The schematic diagram for a wing section of the high speed aircraft is shown in Fig. 1 . The dimensionless governing equations of the nonlinear model can be described by three coupled 2nd-order delay differential equations:
where
T . Note that we still use the dot to denote the differentiation with respect to the normalized time t = (U ∞ /b)t. The mass matrix M , stiffness matrix K, and the structural damping matrix B are given by
respectively, and the aerodynamic load F a is
where L(t) , M (t) and H β (t) are the aerodynamic lift, moment and torque, respectively, with the following dimensionless counterparts:
The control force F c is given by
where the control law β c with delay can be expressed as
where τ is the scaled delay τ = ω ατ . The meaning of other parameters can be found in the nomenclature. In this paper, only the linear and nonlinear proportional time-delayed feedback controls will be considered.
III. Linear Stability Analysis
In order to capture the effect of time-delay τ included in the control gains, let
then one can transfer Eq. (1) to a system of six first-order differential equations: 
where x, F ∈ R 4 , A 1 and A 2 are 4×4 matrices. A 1 , A 2 and F are given respectively by 
and
As the first step we analyze the stability of the trivial solution of the linearized system of (10), which is given byẏ
The characteristic function can be obtained by substituting the trial solution, x(t) = c e λτ , where c is a constant vector, into the linear part to find (I represents the identify matrix in the following equation)
Based on Eq. (14), it can be shown 2 that "The number of the eigenvalues of the characteristic equation (14) with negative real parts, counting multiplicities, can change only when the eigenvalues become pure imaginary pairs as the time delay τ and the components of A 1 and A 2 are varied."
It is seen from Eq. (14) that when
none of the roots of D(λ) is zero. Thus, the trivial equilibrium x = 0 becomes unstable only when Eq. (14) has at least one pair of purely imaginary roots. The critical values for a Hopf bifurcation to occur can be found by setting the real and imaginary parts of D(i ω) to equal zero. If there is at least one positive solution for ω, one may substitute the solution(s) into Eq. (14) with λ = i ω to find the smallest τ min , at which the system undergoes a Hopf bifurcation. Usually, one can only use numerical approach to determine the relations at the critical point among the flutter speed V F , flight Mach Number M ∞ , time delay τ , and control gains g α , g h , g 3α , and g 3h . Note that this system is six-dimensional, it may be difficult to employ the idea of "root loci of the system poles" 12 to study the implication of the time delay, the center manifold reduction and normal form theory need to be applied in this case.
IV. Center Manifold and Normal Form Reductions
In order to obtain the explicit analytical expressions for the stability conditions of a Hopf bifurcation solution, we need to reduce system (11) to its center manifold. To achieve this, we express the infinite dimensional problem described by delay equations to an abstract evolution equation on Banach space H of continuously differentiable function u :
where x t (θ) = x(t + θ) for − τ ≤ θ ≤ 0 and A is a linear operator for the critical case, expressed by
,
The nonlinear operator F is in the form of
Similarly, we can define the dual/adjoint space H * of continuously differentiable function v :
with the dual operator
H can be split into two subspace as H = P Λ Q Λ , where P Λ is a two-dimensional space spanned by the eigenvectors of the operator A associated with the eigenvalues Λ, while Q Λ is the complementary space of P Λ . Then for u ∈ H and v ∈ H * , we can define a bilinear operator:
Corresponding to the critical characteristic root iω, the complex eigenvector q(θ) ∈ H satisfies
The general solution of Eqs. (21) and (22) is
From the boundary conditions, given by Eq. (22), we can easily find a real basis for P Λ denoted as Φ(θ) = (ϕ 1 , ϕ 2 ) = (Re[q(θ)], Im[q(θ)]). Similarly, one can obtain a real basis for the dual space Q Λ as Ψ(σ) = (ψ 1 , ψ 2 ) = (Re[q * (σ)], Im[q * (σ)]). Next, by defining w ≡ (w 1 , w 2 ) T = < Ψ, x t >, one can decompose x t into two parts to obtain
which implies that the projection of x t on the center manifold is Φ w. Then, applying (16) and (24) results in the center manifold:ẇ
where N (w) represents the nonlinear terms contributed from the original system to the center manifold.
The lowest-order nonlinear terms of the center manifold, needed to determine the stability of solutions, are 
Therefore, we obtain the normal form up to third order,
where L is a Lyapunov coefficient, or called the Lyapunov First Quantity (LFQ) 13, 14 , given by
When L < 0 (> 0), the Hopf bifurcation is supercritical (subcritical), that is, the bifurcating limit cycle is stable (unstable).
V. Numerical Results
The normal form given by (8) can be employed to study the complex bifurcations and stability behavior of the system near the Hopf critical point. In this section, numerical simulation results based on the original system (1) are presented to show how the flutter speed varies under the variations of the plunging and pitching linear and non-linear controls and time delay. Note only the linear controls g h , g α and the time delay τ will affect the critical flutter speed, the non-linear control parameters g 3h , g 3α have no effect on the critical flutter speed, but may change the stability of the flutter.
The main chosen varying parameters are g h , g 3h , g α , g 3α , M ∞ , and τ . Other parameters take the following fixed values: 
In the first case, we will consider the case without time delay (τ = 0). Then, under the parameter values given in Eqs. (29), we vary the value of g h and g α to investigate the effect of the linear controls on the flutter speed boundary. The results are shown in the Fig. 2 , where on the abscissa the flight Mach number was considered, and on the ordinate the flutter speed was represented. As we can see from Fig. 2 , with the increase of linear control g h or g α , for a fixed value of the flight Mach number, an increase of the flutter speed is experienced. Thus, the linear controls can delay the occurrence of the Hopf bifurcation, thereby are beneficial in avoiding the early occurrence of flutter instability.
In the second case, we will study the effect of time delay. We fix the linear control coefficients g h = 0.1 and g α = 0.2, and vary the time delay τ . The results of the relationship between flutter speed boundary and flight Mach number with various time delay are shown in Fig. 3 . Figure 3 clearly shows that the time delay may advance the initiation of the flutter instability. Thus, time delay is not beneficial.
In the third case, we will consider the effect of the linear controls g h and g α when the time delay presents. In this case, we fix the time delay τ = 0.3, and vary the linear control coefficients g h and g α . The results are shown in the Fig. 4 . The figure 4 shows that when the time delays exists, the linear controls can also delay the occurrence of the flutter instability.
In fig. 5 , we show a stable Hopf bifurcation near the flutter boundary. For example, if we choose M = 3.4, g h = 0.1, g α = 0.5, g 3h = 0.1, g 3α = 0.2 and τ = 0.3, the critical value of flutter speed is V = 13.5. Figure  5 clearly shows a stable limit cycle near the flutter boundary. To study the effects of the linear controls, nonlinear controls, and time delay on the stability of the Hopf bifurcation, we will change one parameter value, while keep the other parameters unchanged. For example, if we want to study the effect of nonlinear control g 3α on the stability of the Hopf bifurcation, we will change the value of g 3α , while keep the value of other parameters same as in Fig. 5 . From the numerical simulations, we found out that small change in the value of g 3α does not influence the stability of the Hopf bifurcation. For example, increasing g 3α from 0.2 to 200 does not change the property of the Hopf bifurcation. Further increasing in g 3α results in the increase of the period of the Hopf bifurcation. The numerical results is shown in Fig. 6 . Similar results can be obtained if we monitor the effect of nonlinear control g 3h . It is shown from Fig. 6 with large nonlinear controls, system needs longer time to reach the steady state, and the period of the Hopf bifurcation increases.
Also, we can monitor the effect of linear controls on the stability of Hopf bifurcation. We increase the value of g α while keeping the other parameter values unchanged. The result is shown in Fig. 7 . It is shown in Fig. 7 that with the increase of linear controls, the period of the Hopf bifurcation increase. Also, linear controls can influence the amplitude of the Hopf bifurcation.
Furthermore, the effect of time delay on the stability of the Hopf bifurcation can be investigated. The time history and the phase portrait are shown in Fig. 8 and Fig. 9 , respectively. Compare Fig. 8 with Fig. 5 , we can see that although the period of the Hopf bifurcation remains unchanged, the amplitude is increased with a large time delay. 
VI. Conclusion
In this paper, the aeroelastic instability in the vicinity of the flutter boundary for a two-dimensional flapped supersonic lifting surface with time-delayed feedback control is studied. Bifurcations into periodic motions are investigated using the central manifold reduction and normal form theory. Numerical simulations are used to study bifurcation motions under the variations of linear and non-linear control coefficients, timedelay in the vicinity of Hopf critical points. Numerical simulation results show that linear controls can delay the occurrence of the Hopf bifurcation, thereby are beneficial in controlling the flutter instability. On the other hand, time delay may advance the initiation of Hopf bifurcation. Thus, the best controller is that we apply linear controls and try to avoid time delay. Future work will address the influence of system parameters on the stability of Hopf bifurcation.
